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I n  t h i s  research, a s i m p l i f i e d  u n i a x i a l  s t r a i n - c o n t r o l l e d  creep damage law i s  
deduced w i t h  t h e  use o f  exper imenta l  obse rva t i on  f rom a more complex 
strain-dependent law. Th is  creep damage law c o r r e l a t e s  t h e  creep damage, 
which i s  i n t e r p r e t e d  as t h e  d e n s i t y  v a r i a t i o n  i n  t h e  m a t e r i a l ,  d i r e c t l y  w i t h  
t h e  accumulated creep s t r a i n .  Based on t h e  deduced u n i a x i a l  s t r a i n - c o n t r o l  l e d  
creep damage law, a cont inuum mechanical creep r u p t u r e  a n a l y s i s  i s  c a r r i e d  o u t  
f o r  a beam r e s t i n g  on a h i g h  temperature e l a s t i c  (W ink le r )  foundat ion.  The 
a n a l y s i s  i n c l u d e s  t h e  de te rm ina t ion  o f  t h e  nondimensional t i m e  f o r  i n i t i a l  
rup tu re ,  t h e  p ropaga t ion  o f  t h e  r u p t u r e  f r o n t  w i t h  t h e  assoc ia ted  t h i n n i n g  o f  
t h e  beam, and t h e  i n f l u e n c e  o f  creep damage on t h e  d e f l e c t i o n  o f  t h e  beam. 
Creep damage s t a r t s  accumulat ing i n  t h e  beam as soon as t h e  l oad  i s  app l i ed ,  
and a creep r u p t u r e  f r o n t  develops a t  and propagates f rom t h e  p o i n t  a t  which 
t h e  creep damage f i r s t  reaches i t s  c r i t i c a l  va lue.  By i n t r o d u c i n g  a s e r i e s  o f  
fundamental assumptions w i t h i n  t h e  framework o f  t e c h n i c a l  E u l e r - B e r n o u l l i  t y p e  
beam theory,  a govern ing s e t  o f  i n t e g r o - d i f f e r e n t i a l  equat ions i s  d e r i v e d  i n  
terms o f  t h e  nondimensional bending moment and t h e  d e f l e c t i o n .  These 
govern ing equat ions a r e  subjected t o  a s e t  o f  i n t e r f a c e  c o n d i t i o n s  a t  t h e  
propagat ing r u p t u r e  f r o n t .  A numerical  technique i s  developed t o  s o l v e  t h e  
govern ing equat ions t o g e t h e r  w i t h  t h e  i n t e r f a c e  equat ions,  and t h e  computed 




T e r t i a r y  creep i n v o l v e s  t h e  process of f r a c t u r e  l ead ing  u l t i m a t e l y  t o  
complete f a i l u r e ,  and i s  assoc ia ted  w i t h  l o c a l  r e d u c t i o n  i n  c r o s s - s e c t i o n a l  
area and more i m p o r t a n t l y  w i t h  t h e  n u c l e a t i o n  and growth o f  vo ids and 
microracks a long  g r a i n  boundar ies.  This  f a i l u r e  mode leads t o  eventual  
c o l l a p s e  o f  a s t r u c t u r a l  component and i s  known i n  t h e  l i t e r a t u r e  as creep 
r u p t u r e  o r  s t r e s s  r u p t u r e .  I n  o r d e r  t o  meet t h e  demands o f  des igners and 
engineers concerned w i t h  t h e  s a f e t y  of equipment ope ra t i ng  a t  e leva ted  
temperatures,  researchers i n  recen t  decades have conducted ex tens i ve  creep 
r u p t u r e  exper iments from which they  hope t o  e x t r a c t  some u s e f u l  
" e x t r a p o l a t i o n "  parameters. Such parameters a r e  i n e v i t a b l y  1 i m i  t e d  by t h e  
l abo ra to ry -a l l owed  t i m e  s c a l e  and by t h e  usual  s c a t t e r  o f  t h e  e m p i r i c a l  data,  
but t hey  a r e  employed t o  es t ima te  t h e  a p p r o p r i a t e  s t r e s s  and temperature 
requirements f o r  t h e  p r a c t i c a l  s e r v i c e  l i v e s  o f  equipment i n  ope ra t i on .  
Amongst such e x t r a p o l a t i o n  parameters methods a r e  t h e  ones o f  L a r s o n - M i l l e r  
(1 952) [ 1 1, Manson -Haferd ( 1953) [ 21, Orr-Sherby-Dorn ( 1954) [ 31, and many 
o the rs .  Hanson and t n s i g n  [ 4 ]  have presented an i n t e r e s t i n g  rev iew  on t h e  
progress i n  e x t r a p o l a t i o n  procedures f o r  creep rup tu re ;  an e x c e l l e n t  
d i s c u s s i o n  o f  these i s  a l s o  g i v e n  i n  t h e  t e x t  by Conway [5]. 
I n  p a r a l l e l  w i t h  t h e  development c i t e d  above, o t h e r  researchers i n c l u d i n g  
some m e t a l l u r g i s t s  have at tempted t o  d e f i n e  and q u a n t i f y  a s u i t a b l e  v a r i a b l e  
which desc r ibes  t h e  damage s t a t e  and measures t h e  e x t e n t  o f  damage i n  
m a t e r i a l s  undergoing creep. The major  h u r d l e  i n  t h i s  l i n e  o f  research i s  t h e  
manner by which ones b r idges  t h e  gap between t h e  s c a l a r  damage v a r i a b l e  
obta ined by macroscopic creep t e s t i n g  and t h e  microscopic  processes i n v o l v e d  
i n  t h e  n u c l e a t i o n  and growth o f  vo ids and microcracks a t  g r a i n  boundar ies.  
Such v a r i a b l e s  a r e  expected t o  be a b l e  t o  c h a r a c t e r i z e  t h e  damage s t a t e  f rom 
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t h e  p h y s i c a l  and q u a n t i t a t i v e  p o i n t s  o f  view, and fu r the rmore  t o  p r o v i d e  a 
u s e f u l  t o o l  f o r  a n a l y t i c a l  m o d e l l i n g  v i a  continuum mechanics. Amongst such 
approaches a r e  Robinson's l i n e a r  cumulat ive creep damage law (1952) 161, 
H o f f ' s  d u c t i l e  creep r u p t u r e  t h e o r y  (1953) [ 7 ] ,  Kachanov's b r i t t l e  r u p t u r e  
t h e o r y  (1961) [8] ,  Robotnov's coupled damage creep t h e o r y  (1969) 191, and many 
o t h e r  m o d i f i e d  t h e o r i e s  such as t h e  one due t o  Leck ie and Hayhurst (1974) 
[ l o ] .  Comparative s t u d i e s  o f  t h e  va r ious  t h e o r i e s  may be found i n  111-131. 
Recent ly,  s c i e n t i s t s  have observed a c l o s e  r e l a t i o n  between d e n s i t y  change and 
t h e  n u c l e a t i o n  and growth o f  vo ids  and microcracks assoc ia ted  w i t h  creep 
damage i n  p o l y c r y s t a l l i n e  m a t e r i a l s .  Extens ive e f f o r t s  have thus  been made t o  
i d e n t i f y  and q u a n t i f y  creep damage i n  terms o f  t h e  d e n s i t y  v a r i a t i o n  which i s  
a t t r i b u t e d  t o  c a v i t a t i o n  i n  a c reep ing  m a t e r i a l .  Fo l l ow ing  t h i s  concept, 
P i a t t i  e t  a1 1141 developed a r e f i n e d  exper imenta l  technique t o  measure t h e  
d e n s i t y  v a r i a t i o n  f o r  use as a d e f i n i t i o n  o f  creep damage. Using da ta  
obta ined i n  t h i s  manner f o r  s t e e l ,  B e l l o n i  e t  a1 [15,16] proposed a 
s t a t i s t i c a l l y - b a s e d  damage law i n  a compl icated power law form s i m i l a r  t o  t h e  
one presented i n  Woodford's parametr ic  s tudy o f  creep damage [17]. 
Because o f  i t s  i n h e r e n t  mathematical complex i ty ,  t h e  creep damage law 
proposed i n  [15,16] i s  somewhat inconvenient  f o r  a n a l y t i c a l  t rea tmen t  w i t h i n  
t h e  framework o f  continurn creep damage mechanics. I n  a d d i t i o n ,  some 
a r b i t r a r i n e s s  remains i n  t h e  de te rm ina t ion  of t h e  m a t e r i a l  constants  appear ing 
i n  t h i s  damage law  (see [18] ) .  Accord ing ly ,  t h e  f i r s t  t ask  i n  t h i s  work i s  t o  
o b t a i n  a s i m p l i f i e d  y e t  s t i l l  u s e f u l  damage law. Th is  task  i s  addressed i n  
Sec t i on  2 where we argue f i r s t  f rom t h e  microscopic  p o i n t  o f  v iew t h a t  d e n s i t y  
v a r i a t i o n  c e r t a i n l y  i s  a proper  Index o f  damage i n  a m a t e r i a l  undergoing creep 
deformat ion.  We then  propose a s i m p l l f l e d  u n i a x i a l  s t r a i n - c o n t r o l l e d  damage 
law by I n t r o d u c i n g  some assumptions based on exper imenta l  obse rva t i on  
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associated w i t h  t h e  o r i g i n a l  damage law, and t h i s  s t r a i n - c o n t r o l  l e d  damagelaw 
i s  demonstrated t o  be c l o s e l y  r e l a t e d  n o t  o n l y  t o  t h e  o r i g i n a l  damage law b u t  
a l s o  t o  Kachanov's damage law (see [SI). We conclude Sec t ion  2 w i t h  t h e  
obse rva t i on  t h a t ,  whereas a t y p i c a l  boundary va lue problem s u f f i c e s  t o  
represent  t h e  problem i n  " t h e  f i r s t  stage o f  creep damage", we encounter i n  
" t h e  second stage of propaga t ion  of t h e  r u p t u r e  f r o n t "  a moving boundary 
problem s i m i l a r  t o  t h e  S te fan  problem i n  heat  conduct ion [19]. 
U t i l i z i n g  t h e  above s t r a i n - c o n t r o l l e d  creep damage theory,  we p resen t  i n  
Sec t i on  3 a continuum mechanics model f o r  t h e  creep r u p t u r e  a n a l y s i s  o f  a beam 
r e s t i n g  on a h i g h  temperature e l a s t i c  W ink le r  f ounda t ion  which generates a 
p r e s c r i b e d  thermal  g r a d i e n t  i n  t h e  th i ckness  d i r e c t i o n .  Based on t e c h n i c a l  
E u l e r - B e r n o u l l i - t y p e  beam theory,  we d e r i v e  i n  Sec t i on  3 a s e t  o f  govern ing 
d i f f e r e n t i a l  equat ions f o r  a r e g i o n  w i t h  a moving boundary ( r u p t u r e  f r o n t )  
which i s  p r e s c r i b e d  by a s e t  o f  i n t e r f a c e  equat ions.  Owing t o  t h e  i n h e r e n t  
n o n l i n e a r i t y  o f  t h e  problem, c losed  fo rm s o l u t i o n s  g e n e r a l l y  do n o t  e x i s t .  
Accord ing ly ,  a success fu l  t rea tmen t  o f  t h e  problem r e q u i r e s  t h e  a p p l i c a t i o n  o f  
a s u i t a b l e  numerical  technique which i s  t hen  presented i n  Sec t i on  4. I n  t h e  
l a t t e r  p a r t  o f  Sec t i on  4, we cons ide r  a s imple case f o r  which a c losed  form 
s o l u t i o n  does e x i s t .  We t h e n  present  d e t a i l e d  numerical  r e s u l t s  f o r  t h e  
problems i n  which temperature g r a d i e n t  i s  taken i n t o  account and t h e  
founda t ion  i s  e i t h e r  p resen t  o r  absent. The r e s u l t s  c o n s i s t  o f  t h e  
nondimensional forms f o r  bending moment, d e f l e c t i o n ,  and t h e  geometr ic shapes 
o f  t h e  r u p t u r e  f r o n t .  
2. STRAIN-CONTROLLED CREEP DAMAGE 
2.1 Creep Damage Law Under U n i a x i a l  St ress 




undergo the  t y p i c a l  3-stage creep phenomenon. Various 
c a l  i n t e r p r e t a t  ons o f  the  creep process have been devised, 
usua l ly  employing the  concept t h a t  creep i s  e s s e n t i a l l y  a compet i t ion between 
strain-hardening and recovery €201. It i s  w e l l  understood t h a t  a t  e levated 
temperatures a c r y s t a l l i n e  s o l i d  may deform i n  accordance w i t h  several 
mechanisms such as d i s l o c a t i o n  creep and d i f f u s i o n  creep. Each such mechanism 
i s  most a c t i v e  i s  some range o f  s t ress  and temperature [21], such t h a t  w i t h i n  
c e r t a i n  regions o f  t he  stress-temperature space one mechanism i s  sa id  t o  
dominate the  others.  The p i c t o r i a l  maps constructed by t h i s  concept a re  known 
as Ashby's deformation-mechanism maps C21.223. Raj and Ashby [23] have 
pointed ou t  t h a t  the creep mechanisms mentioned above a re  i n  f a c t  an 
"accommodation processt1 f o r  g ra in  boundary s l i d i n g .  When a shear s t ress  
causes s l i d i n g  t o  occur a t  a genera l ly  nonplanar g ra in  boundary, some 
accommodation process (such as d i f f u s i o n a l  f l ow  o r  p l a s t i c  f low)  i s  necessary 
t o  heal the c r y s t a l l i n e  s t ruc tu re  a t  the dev ia t i on  o f  the  boundary from a 
per fec t  plane. I n  the  event t h a t  t h i s  accommodation process does n o t  develop 
f u l l y  a t  a boundary dev ia t i on  dur ing s l i d i n g ,  an 41 incompa t ib i l i t y "  r e s u l t s  i n  
the  form o f  voids and wedge cracks along the  g r a i n  boundaries which a re  
or ien ted  roughly perpendicu lar  t o  the  t e n s i l e  ax is .  As t he  ma te r ia l  i s  
s t ra ined f u r t h e r  the  coalescence o f  voids and cracks eventua l l y  leads t o  
i n te rg ranu la r  creep f rac tu re .  Clear ly ,  as the c a v i t y  volume increases dur ing  
the  process o f  t e r t i a r y  creep and eventual f rac tu re ,  t he  ma te r la l  d i l a t e s .  I n  
t h i s  sect ion,  we s h a l l  focus on a s t ra in -con t ro l l ed  c o n s t i t u t i v e  contlnum 
damage law based on t h i s  c lose r e l a t i o n  between creep damage and c a v i t a t i o n  
induced d i l a t i o n  i n  mater ia ls .  
The type o f  damage descr ibed above i s  associated w i t h  power-law o r  
d i s l o c a t i o n  creep [23,24]. Steady d i s l o c a t i o n  creep under constant u n i a x i a l  
t e n s i l e  s t ress  U, i s  found exper imenta l ly  t o  obey the  c o n s t i t u t i v e  
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re la t ion [25 ]  
n 
c = A(T) do 
S 
i n  which n i s  the constant s t ress  power. The rec ip roca l  v i s c o s i t y  c o e f f i c i e n t  
A(T) i s  expressed as the  Arrhenius equation 
* 
A(T) = A exp(-AH/RT) ( 2 )  
* 
where A i s  t he  r e l a t i v e l y  temperature i n s e n s i t i v e  pre-exponential c o f f i c i e n t ,  
AH the  a c t i v a t i o n  energy f o r  creep, R the  gas constant and T the  absolute 
temperature. Equation ( l ) ,  which i s  a l so  known as Norton's steady creep law, 
w i l l  be employed t o  descr ibe the  creep deformation process i n  the  problem 
considered l a t e r  i n  t h i s  work. 
From the  phenomenological p o i n t  o f  view, creep rupture can be separated 
i n t o  two categor ies.  F a i l u r e  a t  h igh  s t ress and low temperature i s  
character ized by pronounced l a t e r a l  cont ract ions and the  f i r s t  continuum model 
f o r  t h i s  process i s  known as H o f f ' s  d u c t i l e  creep rup ture  theory 171. On t h e  
o ther  hand, low s t ress  l e v e l s  together  w i t h  h igh  temperatures r e s u l t  i n  
b r i t t l e  type  o f  rup ture  w i t h  l i t t l e  l a t e r a l  cont ract ion,  and the  f i r s t  
phenomenological theory f o r  t h i s  process was formulated by Kachanov [a].  We 
s h a l l  no t  consider H o f f ' s  theory f u r t h e r  here (ample discussion i s  g iven i n  
[13,26]), bu t  we s h a l l  now review Kachanov's theory b r i e f l y .  Kachanov def ined 
the  damage va r iab le  w f o r  a one-dimensional t e s t  specimen i n  accordance w i t h  
A -A A 
A 
o e  e 




where A, and A, are, respec t ive ly ,  t he  o r i g i n a l  and the  e f f e c t i v e  cross 
sec t iona l  areas ca r ry ing  the  load. Clear ly ,  c a v i t a t i o n  creates new i n t e r n a l  
surface area which i n  t u r n  reduces the  e f f e c t i v e  cross-sect ional  area ca r ry ing  
the  load. Thus, the mate r ia l  i n  i t s  v i r g i n  s t a t e  has the  damage o equal t o  
zero, wh i l e  the  damage i n  a completely de te r io ra ted  mater ia l  approaches 
u n i t y .  A power law f o r  t he  damage-rate was postu la ted by Kachanov f o r  
va r iab le  one-dimensional s t ress  as 
V 
= c[&] ( 3 )  
where C , V  are  ma te r ia l  constants, and where C may be temperature dependent. 
Assuming t h a t  t he  ma te r ia l  i s  i n i t i a l l y  undamaged, i n t e g r a t i o n  o f  the  above 
equat ion gives 
1 - ( 1 - 0 ) ~ + ~ =  C(l+v)l: a v ( t ' ) d t '  ( 4 )  
As pointed ou t  e a r l i e r  i n  t h i s  sect ion,  a c lose connection e x i s t s  between 
creep damage and the  c a v i t a t i o n  induced d i l a t i o n  o f  a mater ia l .  Be l l on i  e t  a1 
[15,16] have employed ma te r ia l  dens i ty  v a r i a t i o n  as the  measure o f  damage i n  a 
creep ma te r ia l  us ing r e f i n e d  techniques. They proposed a damage law a t  
constant s t ress  CY, i n  the  power form f o r  the  u n i a x i a l  tens ion t e s t  
D = c ea a' td 
c o  
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where D= -Ap/p , ,  po i s  t h e  d e n s i t y  o f  t h e  m a t e r i a l  i n  t h e  v i r g i n  s t a t e ,  and 
~p i s  t h e  change i n  d e n s i t y  due t o  t h e  volume d i l a t i o n  o f  t h e  m a t e r i a l .  I n  
eqn.(5) c C  denotes t h e  creep s t r a i n ,  and c, a,y,d appear t o  be r e l a t i v e l y  
i n s e n s i t i v e  t o  temperature, b u t  c i s  h i g h l y  temperature s e n s i t i v e .  I n  analogy 
w i t h  Kachanov's damage v a r i a b l e  o , t h e  damage D has va lue equal t o  zero i n  
t h e  v i r g i n  s t a t e  and i s  equal  t o  a c r i t i c a l  va lue  a t  r u p t u r e  Or, which i s  a 
m a t e r i a l  constant .  Employing s t a t i s t i c a l  reg ress ion  techniques, Bel  l o n i  e t  a1 
were a b l e  t o  c o r r e l a t e  t h e i r  experimenta? da ta  w i th  damage law ( 5 ) .  A c l o s e  
i n s p e c t i o n  i n .  eqn.(5), however, revea ls  t h a t  some a r b i t r a r i n e s s  e x i s t s  i n  t h e  
de te rm ina t ion  of t h e  m a t e r i a l  constants  ( f o r  ' d e t a i l s  see [ l a ] ) .  Th i s  
a r b i t r a r i n e s s  i s  a consequence o f  t r e a t i n g  c C  and u, as independent s t a t e  
v a r i a b l e s  i n  eqn.(5), w i t h o u t  cons ide r ing  t h e  c o n s t i t u t i v e  creep law. One 
p o s s i b l e  way of e l i m i n a t i n g  t h i s  a r b i t r a r i n e s s  i s  o u t l i n e d  by t h e  sequence of 
s i m p l i f i c a t i o n s  g i ven  below. 
F i r s t ,  based on t h e  f i n d i n g s  i n  1163 and r e l a t e d  work [26,27] we s h a l l  
make t h e  s i m p l i f y i g  assumption 
y = 6n ( 6 )  
It w i l l  be shown l a t e r  t h a t  eqn.(6) t o g e t h e r  w i t h  v=n i n  eqn.(4) e s t a b l i s h e s  
an equiva lence between Kachanov's f o r m u l a t i o n  and t h e  c u r r e n t  one. We f u r t h e r  
assume t h a t  steady creep as descr ibed by e q n . ( l )  complete ly  dominates t h e  
deformat ion behavior ,  i .e. ,  t h e  m a t e r i a l  i s  non-Newtonean viscous. A 
combinat ion o f  eqns. ( l )  and ( 5 ) ,  t o g e t h e r  w i t h  assumption (6), t hen  g i ves  
144 
o r  
i n  which c S  i s  the  creep s t r a i n  under the steady creep cond i t ion .  It has 
been found [28] t ha t ,  f o r  the  rupture mechanism considered here, the product 
o f  steady-creep-rate, is, and the  time-to-rupture, tR, i s  a constant, i . e .  
; t  = c  
s R MG 
where CMG i s  known as Monkman-Grant constant which has the  dimension o f  
s t r a i n .  This r e l a t i o n s h i p  holds t r u e  f o r  a wide range o f  temperature and 
s t ress .  Therefore, a t  rup ture  eqn. ( 7 )  g ives 
where Dr i s  the  c r i t i c a l  value o f  damage a t  rupture.  B e l l o n i  e t  a l ' s  data 
[ 1 5 ]  showed t h a t  the  c r i t i c a l  value o f  damage i n  the  h igh  temperature range i s  
r e l a t i v e l y  i n s e n s i t i v e  t o  temperature. The temperature independent character  
o f  both CMG and Dr immplies t h a t  the  B/A(T)' i n  eqn. (9)  must a l so  be 
temperature independent. Thus 
where c, i s  a temperature independent ma te r ia l  constant.  Subs t i t u t i ng  t h i s  
i f i e d  fo rm back i n t o  damage 
D 
aw (8)  we then get  the  simp 
a+6 
= c  c 
O S  
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Although a s i g n i f i c a n t  s i m p l i f i c a t i o n  has been obtained, damage law (10) 
i s  s t i l l  p h y s i c a l l y  p l a u s i b l e .  Note t h a t ,  a l t hough  damage i s  an e x p l i c i t  
f u n c t i o n  o f  s t r a i n  along, it i s  an i m p l i c i t  f u n c t i o n  o f  temperature and s t r e s s  
v i a  creep c o n s t i t u t i v e  law ( 1 ) .  I n  accordance w i t h  eqn.(lO), a m a t e r i a l  
exposed t o  s t r e s s  exper iences damage d i r e c t l y  r e l a t e d  t o  t h e  creep s t r a i n ,  and 
r u p t u r e  occurs as t h e  a v a i l a b l e  creep d u c t i l i t y  i s  exhausted. 
Greenwood [ 2 9 ]  showed, f o r  copper w i t h  pre-nuc leated c a v i t i e s  subjected t o  low 
s t r e s s  and w i t h  t h e  creep r a t e  l i n e a r l y  r e l a t e d  t o  t h e  s t ress ,  t h a t  
Hanna and 
AP 
a c  - 
P C 
Al though a s u r p r i s i n g  analogy appears t o  e x i s t  between eqns. (10) and (11 ) ,  
conc lus ions may n o t  be e a s i l y  drawn on t h e  m a t e r i a l  constants  i n  eqn.( lO).  
However, i t  does appear ve ry  reasonable t o  p o s t u l a t e  t h a t  creep damage, as 
measured by d e n s i t y  v a r i a t i o n ,  be expressed e x p l i c i t y  as a f u n c t i o n  o f  creep 
s t r a i n .  
I n  many eng ineer ing  p r a c t i c e s ,  however, t h e  s t r e s s  m y  be v a r y i n g  w i t h  
t i m e  due t o  e f f e c t  such as l oad  v a r i a t i o n  and s t r e s s  r e l a x a t i o n .  The 
ex tens ion  o f  t h e  o r i g i n a l  creep damage law, eqn.(5) , t o  t h e  case o f  t i m e  
dependent u n i a x i a l  s t r e s s  has been presented i n  [30]. I n  t h e  case o f  
s i m p l i f i e d  eqn.( lO) i t  s u f f i c e s  t o  employ t h e  i n t e g r a l  form o f  creep s t r a i n  
f o r  v a r i a b l e  s t r e s s ,  and thus  i n t e g r a t i n g  is = A ( T ) a ( t ) n  we o b t a i n  
Here, t h e  rec p r o c a l  v i s c o s i t y  f u n c t l o n ,  A(T) ,  i s  r e t a i n e d  i n s i d e  t h e  i n t e g r a  
s ign,  i n  o r d e r  t o  a l l o w  f o r  t h e  s i t u a t i o n  i n  wh ich  the temperature v a r l e s  w i t h  
t ime. I f  u=n i n  Kachanov's t h e o r y  [see eqn.(4)] ,  eqns. ( 4 )  and (12)  assume a 
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very s i m i l a r  form; a more d e t a i l e d  comparison o f  strain-dependent theory w i t h  
Kachanov's approach i s  g iven i n  [ a l l .  
2.2 Propagation o f  a Creep Rupture Front -- The Moving Boundary Problem 
A nonuniform s t a t e  o f  s t ress  may be introduced by the  I r r e g u l a r  geometry 
o f  a s t ruc tu re ,  nonhomogeneous mater ia l  p roper t ies ,  and nonuniform e x t e r n a l  
loads. Under such circumstances the  creep damage w i t h i n  the  s t ruc tu re  would 
be a func t i on  o f  t he  space coordinates I n  a d d i t i o n  t o  time. Creep damage 
s t a r t s  accumulating i n  the  s t ruc tu re  as soon as the  loads are  appl ied.  As 
t i m e  elapses, t he  creep damage a t  some p o i n t  w i t h i n  or on the surface o f  t he  
s t ruc tu re  would f i r s t  reach the  c r i t i c a l  value, 0,. a t  which rup ture  takes 
place. This i n i t i a l  rup ture  time, tI, i s  determined i n  accordance w i t h  
A rup ture  f r o n t  then develops genera l l y  as a smooth surface, and s t a r t s  
propagating through the  s t r u c t u r e  u n t i l  the  e n t i r e  s t ruc tu re  col lapses a t  some 
t i m e  tTT. It i s  r e a d i l y  seen t h a t  the  l i f e t i m e  o f  a s t ruc tu re  may be d i v ided  
L A  
i n t o  two t ime i n t e r v a l s  o r  stages, i.e., 
the  f i r s t  stage 0 L t < tI, which has 
f a i l u r e  by Kachanov [E ]  o r  the  incubat ion 
0 t < tI and tIL t < tII. I n  
been termed the  stage o f  l a t e n t  
per iod  by Johnson [32], t he  creep 
damage i s  assumed t o  be l ess  than the  c r i t i c a l  value (D,) everywhere i n  the  
s t ruc tu re .  I n  the  second stage tI t < t I I ,  which has been termed the  
stage o f  propagat ion o f  rupture,  a rup ture  f r o n t  1 along which 
D = or, 
t r a v e l s  through the  s t r u c t u r e  and complete co l lapse occur; a t  t I I .  
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A cond i t i on  on the  d i r e c t i o n  of t r a v e l  f o r  t he  rupture f r o n t  1 may be 
obtained by tak ing  the  t o t a l  t i m e  d e r i v a t i v e  o f  eqn.(l4). Accordingly, we 
methods c u r r e n t l y  used f o r  moving boundary problems i s  g iven i n  [33]. De ta i l s  
o f  t he  numerical technique which we s h a l l  choose w i l l  be d isc losed i n  
subsequent sect ions as the  need ar ises .  
ob ta in  
i n  which N designates the  coord inate normal t o  the  rupture f r o n t .  S i m i l a r l y ,  
t he  geometry o f  the  rup ture  f r o n t  1 i s  constrained by 
i n  which the  x a re  the  space coordinates. 
j 
This type  o f  problem, more genera l l y  c a l l e d  moving ( f r e e )  boundary 
problem, i s  well-known i n  heat conduction [19] w i t h  phase change and i s  known 
as the  Stefan problem. Although the  Stefan problem and the creep rup ture  
problem share analogous mathematical cha rac te r i s t i cs ,  there  are some 
s i g n i f i c a n t  phys ica l  d i f fe rences .  Instead o f  the temperature p r o f i l e  o f  the  
Stefan problem, we are  now more concerned about the  mechanical behavior o f  t he  
s t ruc tu re ,  such as the coupl ing between the s t ress  r e d i s t r i b u t i o n  and the  
speed o f  t he  moving boundary ( rup ture  f r o n t ) .  Owing t o  the  inherent  
n o n l i n e a r i t y  o f  t he  problem, c losed form so lu t ions  genera l l y  do no t  e x i s t  f o r  
moving boundary problems w i t h  a f i n i t e  damain. Accordingly, a successful  
t reatment o f  such problems w i l l  requ i re  the app l i ca t i on  o f  a s u i t a b l e  
numerical technique. A thorough d iscuss ion and comparison o f  numerical 
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3. CREEP RUPTURE I N  A BEAM ON A WINKLER FOUNDATION 
3.1 Statement o f  t he  Problem 
The beam problem t o  be s tud ied i s  depicted i n  F ig .  l a .  We consider  a 
beam cont inuously  
r e s t o r i n g  fo rce  as 
load. Since the  
thermal g rad ien t  
iupported by an e l a s t i c  Winkler foundat ion,  which exer ts  a 
the  beam d e f l e c t s  under the  a c t i o n  o f  a d i s t r i b u t e d  l a t e r a l  
foundat ion i s  a t  an elevated temperature, a prescr ibed 
s assumed t o  e x i s t  i n  the  z -d i rec t i on  ( th ickness)  o f  t he  
beam. It i s  assumed t h a t  t h i s  prescr ibed temperature d i s t r i b u t i o n  through t h e  
th ickness o f  t he  beam i s  independent o f  t ime du r ing  t h e  deformat ion and 
rup ture  processes. The phys ica l  model used t o  analyze the  problem i s  shown in 
Fig.  l b .  Here, t he  e l a s t i c  foundat ion i s  modelled as an i n f i n i t e  ser ies  o f  
i n f j n i t e s i m a l  spr ings w i t h  an e l a s t i c  constant K 1341, 1.e. as an e l a s t i c  
Winkler foundat ion.  Creep deformat ion s t a r t s  t o  accumulate i n  the  beam as 
soon as the  l a t e r a l  load i s  appl ied.  I n  geophysical research t h i s  type o f  
f l e x u r e  model has r e c e n t l y  y ie lded some i n t e r e s t i n g  r e s u l t s  on l i t h o s p h e r i c  
f lexures (eg. see McMullen e t  a1 [35]), where the  temperature v a r i a t i o n  w i t h  z 
i s  due t o  t h e  geothermal g rad ien t  and the  Winkler foundat ion i s  due t o  t h e  
under ly ing mantle. I n  a d d i t i o n  t o  the  creep deformation, we s h a l l  a l s o  
consider t h e  e f f e c t s  o f  creep damage us ing the  concepts p rev ious l y  developed. 
I n  b r i e f ,  i t  i s  our major goal here t o  explore t h e  propagat ion o f  a creep 
rup ture  f r o n t  i n  a non-isothermal beam under d i s t r i b u t e d  l a t e r a l  load. Dur ing 
the  second stage o f  damage t h e  beam' is t h i n n i n g  i n  a non-uniform manner, and 
accord ing ly  the  cross-sect ion o f  t h e  beam i s  no t  constant (see F ig.  IC). It 
w i l l  be seen l a t e r  t h a t  a moving boundary problem i s  encountered as a 
consequence of t h i s  t h i n n i n g  behavior. 
The problem presented here i s  extremely complex i n  nature.  I n  o rder  t o  
reduce t h e  mathematical d i f f i c u l t i e s  somewhat, we present below a se r ies  of 
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s i m p l i f y i n g  assumptions. F i r s t l y ,  we assume t h a t  the ma te r ia l  i n  the  beam 
obeys the  Norton law of steady creep, w i t h  v i s c o s i t y  dependent on the  
prescr ibed temperature gradient .  Although the  beam i s  o f  non-uniform 
cross-sect ion dur ing the  second stage of damage, we assume t h a t  techn ica l  
Euler -Bernoul l i - type beam theory i s  v a l i d  throughout the e n t i r e  process of 
creep damage. We a l so  r e s t r i c t  our considerat ion t o  the  case o f  small 
deformations and small ro ta t i ons .  Furthermore, we assume t h a t  no major cracks 
form i n  the unruptured segment o f  the  beam dur ing  the  process o f  rupture,  and 
thus the  e f f e c t s  o f  s t ress  concentrat ion a t  crack t i p s  are excluded from the  
cu r ren t  study. F i n a l l y ,  we assume t h a t  the shear stresses are  n e g l i g i b l y  
small when compared w i t h  the  a x i a l  stresses due t o  f lexure .  
3.2 Mathematical Formulation o f  the  Problem 
The c o n s t i t u t i v e  law governing the creep deformation i n  the  beam i s  
assumed t o  be o f  the  Norton type [eqn. ( l ) ] :  
n = A ( z ) u  
C 
Here the  s t ress  s t a t e  u may vary w i t h  t ime as w e l l  as w i t h  the  x- and 
Note a l so  t h a t  the rec ip roca l  v i s c o s i t y  c o e f f i c i e n t  f unc t i on  
i c i t  f unc t i on  o f  z v i a  the temperature d i s t r i b u t i o n  (see Fig.  
z-coord i nates . 
A(z) i s  an imp 
I C ) .  
The geome' r y  o f  t he  beam i s  shown i s  Fig.  IC; it  has a rec tangu lar  
cross-sect ion o f  w id th  b and thickness h and the  length of t he  beam i s  2L. 
For s i m p l i c i t y  we w i l l  consider symmetric loading and thus on ly  symmetric 
deformation i n  t h i s  work, and there fore  on ly  ha l f  o f  t he  span o f  t h e  beam need 
be considered. Employing Euler-Bernoul l i - type beam theory w i t h  h constant, we 
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may der ive  the  expression f o r  s t ress  i n  terms o f  the  bending moment M as 
where e, i s  the  d is tance t o  the  neut ra l  a x i s  (marked as N.A. i n  F ig . l c ) .  
Also, t he  governing equat ion i n  the  bending moment M i s  obtained as 
a M 2P 
40 ax= a t  
- + K(-In 
a x r a t  
where P i s  the app l ied  l a t e r a l  load, and we have introduced the  no ta t i on  f o r  
f l e x u r a l  r i g i d 1  t y  
0 
The R.H.S. o f  eqn.( l8)  vanishes i f  we assume t h a t  the  appl ied l a t e r a l  load 
P(x,t) i s  expressed mathematical ly i n  the  form 
where Po i s  t he  maximum load a t  x-0, f ( x )  i s  the  symmetric shape func t i on  and 
H ( t )  represents the  Heaviside u n i t  step funct ion.  F o r  a viscous mater ia l  
governed by eqn. (16) we have the  i n i t i a l  cond i t i on  i n  M as 
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For  f u r t h e r  s i m p l i c i t y ,  we a l s o  assume t h a t  t h e  beam i s  s imply  supported a t  
bo th  ends and t h a t  t h e  l a t e r a l  load vanishes a t  bo th  ends. Due t o  t h e  
symmetric n a t u r e  of t h e  problem as p r e v i o u s l y  mentioned, t h e  boundary 
c o n d i t i o n s  f o l l o w  as 
a t  x=o 
a =M - -  - M = O  a t  x=L ax2 
It i s  impor tan t  to p o i n t  o u t  t h a t  t h e  n e u t r a l  a x i s  does n o t  c o i n c i d e  w i t h  
t h e  c e n t r o i d a l  a x i s  i n  t h i s  beam problem s i n c e  t h e  v i s c o s i t y  i s  inhomogeneous 
due t o  i t s  dependence on a non-uni form temperature d i s t r i b u t i o n  [36]. S ince 
t h e  a x i a l  f o r c e  i s  zero i n  t h i s  problem, t h e  d i s t a n c e  t o  t h e  n e u t r a l  a x i s  eo 
may be determined i n  t h e  f i r s t  stage o f  damage f rom 
.It i s  our task  now t o  extend t h e  above mathematical  f o rmu la t i on ,  which i s  
v a l i d  o n l y  f o r  t h e  f i r s t  s tage o f  creep damage, i n t o  t h e  second stage o f  creep 
damage. The shear s t resses  i n  t e c h n i c a l  beam t h e o r y  a r e  u s u a l l y  n e g l i g i b l y  
smal l  when compared w i t h  t h e  a x i a l  s t ress .  It i s  thus reasonable t o  u t i l i z e  
t h e  u n i a x i a l  s t r a i n - c o n t r o l l e d  damage law. The creep damage then  f o l l o w s  f rom 
eqn. ( 1 2 ) ,  which w i t h  t h e  use o f  eqn. (17) y i e l d s  
t 
D ( x . z , t )  = co {I ["p (z-eo)dt '  
0 $0 
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Experimental  evidence [37] has shown t h a t  t h e r e  i s  v i r t u a l l y  no creep damage 
i n  a c r y s t a l l i n e  m a t e r i a l  under compression. Therefore,  t h e  above equat ion i s  
v a l i d  o n l y  i n  t h e  r e g i o n  eo<zLho (see F ig .  l c ) ,  w h i l e  t h e  creep damage i s  
assumed t o  be i d e n t i c a l l y  zero i n  t h e  remainder o f  t h e  reg ion.  The i n i t i a l  
r u p t u r e  t i m e  tI may now be ob ta ined  from t h e  i m p l i c i t  r e l a t i o n  
r+ t I  Dcr = co {, [:In (z-e,)dt '  
0 
where t h e  i n i t i a l  r u p t u r e  c l e a r l y  occurs a t  t h e  m i d p o i n t  o f  t h e  bottom f i b e r  
( i . e .  x=O and z=ho), s ince  i t  i s  t h e r e  t h a t  t h e  t e n s i l e  s t r a i n  i s  maximum i n  
magnitude. 
Rupture thus  s t a r t s  a t  t h e  p o i n t  x,z=O,ho, and then develops i n t o  a 
moving f r o n t  which i n  t u r n  causes t h e  beam t o  t h i n  (see F i g  l c ) .  We s h a l l  
c a l l  t h e  r e g i o n  OLx<a(t) t h e  t h i n n i n g  zone, and t h e  remaining i n t e r v a l  
6(t)<x<L t h e  u n i f o r m  zone s i n c e  t h i s  i n t e r v a l  i s  o f  u n i f o r m  th i ckness .  The 
q u a n t i t i e s  h and e, which des ignate t h e  th i ckness  and t h e  d i s t a n c e  t o  t h e  
n e u t r a l  a x i s  w i t h i n  t h e  t h i n n i n g  zone o f  t h e  beam, a r e  c l e a r l y  f u n c t i o n  o f  x 
and t. Furthermore, t h e  f l e x u r a l  r i g i d i t y  & i n  t h e  t h i n n i n g  zone i s  a l s o  a 
f u n c t i o n  o f  x and t s ince  i t  i n v o l v e s  h and e. Governing equa t ion  (18) w i t h  P 
g i ven  by eqn. (20)  may now be r e s t a t e d  i n  t h e  t h i n n i n g  zone as 




It i s  r e a d i l y  seen t h a t  govern ing equat ions ( 2 6 )  a re  subjected t o  a 
moving j u n c t l o n ,  which separates t h e  t h i n n i n g  zone from t h e  u n i f o r m  zone. 
Note t h a t  t h e  upper l i m i t  h ( x , t )  and t h e  q u a n t i t y  e ( x , t )  i n  i n t e g r a l  ( 2 7 )  a r e  
changing and unknown func t i ons ,  and thus we must o b t a i n  c o n d i t i o n s  which 
govern t h e  v a r i a b l e s  h,&, and e. It may be shown t h a t  if t h e  r u p t u r e  f r o n t  1 
i s  p r e s c r i b e d  as 
C : z = h ( x . t )  t I't 
eqn. ( 1 5 )  can be r e w r i t t e n  as 
a D  ah aD 
0 - + - - =  a t  a t  a 2  
S u b s t i t u t i o n  o f  t h e  express ion f o r  damage [eqn. ( 2 4 ) ]  i n t o  t h e  above equa t ion  
y i e l d s  a f t e r  some man ipu la t i on  
The creep damage a t  t h e  j u n c t i o n  p o i n t  Q i n  F ig .  IC w i t h  coo rd ina tes  
x = & ( t )  and z=ho should be equal t o  t h e  c r i t i c a l  value, i . e .  
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Fo l low ing  t h e  same procedure employed f o r  eqn. ( 2 9 ) ,  t h e  t o t a l  t i m e  d e r i v a t i v e  
o f  t h i s  equa t ion  now g i v e s  
Note t h a t  t h e  q u a n t l t y & ( x , t )  does n o t  appear i n  t h e  above equat ion as i t  i s  a 
cons tan t  a t  t h e  j u n c t i o n  p o i n t  Q (see F ig.  IC). 
F i n a l l y ,  eqn. (23) f o r  t h e  d i s t a n c e  t o  t h e  n e u t r a l  a x i s  o f  t h e  beam now 
becomes f o r  t h e  second stage o f  creep damage 
D i f f e r e n t i a t i n g  t h e  above equa t ion  with respect  t o  t i m e  we o b t a i n  t h e  equa t ion  
where A(h) i s  t h e  r e c i p r o c a l  v i s c o s i t y  f u n c t i o n  A(z) evaluated a t  z=h. 
We have thus obtained governing equations (26) subjected t o  i n t e r f a c e  
equat ions ( 2 9 ) ,  (30) and (31), and we must so l ve  these equat ions f o r  t h e  
unknowns M,h,b, and e w i t h  boundary c o n d i t i o n s  ( 2 2 ) .  Although boundary 
f a m i l i a r  t e rm ino logy  and c a l l  t h i s  problem a S te  
r e a d i l y  seen t h a t  t h e  p resen t  n o n l i n e a r  problem 
n u m e r i c a l l y  cha l l eng ing ;  we s h a l l  present  i t s  numer 
s e c t i o n .  
c o n d i t i o n s  ( 2 2 )  a r e  n o t  a p p l i e d  a t  a moving boundary, we do have t h e  i n t e r f a c e  
equat ions which a r e  a p p l i e d  a t  t h e  moving j u n c t i o n .  We s h a l l  t hus  use 
a n - l i k e  problem. It i s  
i s  very  compl icated and 
c a l  s o l u t i o n  i n  t h e  n e x t  
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4. NUMERICAL TECHNIQUE AND RESULTS 
4.1 So lu t i on  Technique 
For convenience we in t roduce the fo l l ow ing  nondimensional var iab les:  
A (  z)  
A( z=O) A =  
- 4  
9=$* 
I n  t h e  above, J* represents the  f l e x u r a l  r i g i d i t y  o f  a beam a t  a un i form 
temperature TU, where Tu i s  the temperature a t  the  upper surface o f  the  
present non-uniform beam. Thus 
1 - +2 n 
nbh Ji* = 
- 1 
n 
2(2n+l) [2A( z=O) 1 
and 
We now follow the  p r a c t i c e  t h a t  unless otherwise noted a l l  var iab les w i thout  
bars appearing i n  t h i s  sec t ion  from t h i s  p o i n t  on w i l l  be dimensionless 
var iab les.  I n  accordance w i t h  the  above d e f i n i t i o n s ,  governing equation (18) 
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may be reformulated i n  terms o f  dimensionless var iab les  as 
i n  which we have in t roduced t h e  dimensionless q u a n t i t y  
Kt pn-lL2n+2 
I o  
(35) 
The var iab les  appearing on the  R.H.S. o f  eqn. (35) a re  a l l  i n  dimensional 
form, a n d 9 0  is evaluated by s e t t i n g  h=ho i n  eqn. (33a). Note t h a t  the  
quan t i t y  B w i l l  be the  key parameter i n  t h e  present  nondimensional study. 
* 
Employing t h e  same techniques presented i n  [35], we may e l im ina te  the  
s p a t i a l  p a r t i a l  d e r i v a t i v e  appearing i n  eqn. (34) f o r  t he  f i r s t  stage. We 
thus ob ta in  the  i n t e g r o - d i f f e r e n t i a l  equations 
where 
The numerical s o l u t i o n  t o  the  above equat ion w i t h  geophysical data f o r  a beam 
o f  constant  th ickness was presented i n  [35]. Here, we w i l l  employ a numerical 
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technique other? than the  one presented i n  [35]. A d i s c r e t i z a t i o n  scheme us ing 
t h e  method o f  l i n e s  i n  space i s  obtained from the  above eqn. (36a). It 
fo l l ows  t h a t  
8% 
a t  
- = o  i=N2+1 
where 
1 
x i  = (i-l)Ax = - ( i -1)  
N2 
Note t h a t  the  f i r s t  i n t e g r a l  i n  eqn. (37a) vanishes a t  i = l ,  eqn. (37b) 
corresponds t o  boundary cond i t i on  (22b). and N2 designates t h e  number o f  
s p a t i a l  increments. Eva lua t ing  the  i n t e g r a l s  by the  Newton-Cotes formulas, we 
thus ob ta in  a system o f  ODE 'S  which may be solved by Gear's s t i f f  ODE 
a lgo r i t hm [38]. The r e s u l t  abtained above furn ishes t h e  s o l u t i o n  i n  the  f i r s t  
stage o f  damage, and prov ides the  i n i t i a l  data f o r  t h e  second stage o f  damage. 
Returning now t o  eqns. (26). we may again i n teg ra te  ou t  t he  s p a t i a l  
de r i va t i ves  t o  ob ta in  f o r  t he  th inn ing  zone i n  t h e  second stage 
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and f o r  t h e  u n i f o r m  zone 
w h e r e 4  was d e f i n e d  i n  (33b), and F (x ,x ' ) ,  G(x,xI) were d e f i n e d  i n  eqns. (36 
b,c). Note t h a t  we have used c o n t i n u i t y  o f  M and i t s  d e r i v a t i v e s  a t  t h e  
j u n c t i o n  p o i n t ,  e.g. M(x=d(t) ,t) = M(x=d( t ) - , t ) .  I n  o t h e r  words, t h e  bending 
moment, shear fo rce ,  d e f l e c t i o n ,  and s lope o f  t h e  beam a r e  a l l  cont inuous a t  
t h e  j u n c t i o n  p o i n t .  
+ 
I n  o r d e r  t o  ma themat i ca l l y  f i x  t h e  moving j u n c t i o n  and t h e  l i m i t s  o f  
i n t e g r a t i o n  appear ing i n  eqns. (38 ) ,  we employ t h e  concept o f  Landau's 
t r a n s f o r m a t i o n  [39] and i n t r o d u c e  t h e  v a r i a b l e  changes 
X 
for thinning zone =So 
Under such a t r a n s f o r m a t i o n  t h e  p a r t i a l  t i m e  d e r i v a t i v e  a( ) / a t  i s  rep laced 
by t h e  s u b s t a n t i a l  t i m e  d e r i v a t i v e  D( ) / D t  i n  accordance w i t h  
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With the use of t h e  chain  r u l e ,  t h e  transformed governing equations a r e  
obtained f o r  t h e  th inn ing  zone as 
r 1 
and f o r  t h e  uniform zone as 
S i m i l a r l y ,  an a p p l i c a t i o n  of Landau's t ransformat ion t o  i n t e r f a c e  
equat ions ( 2 9 ) , ( 3 1 )  y i e l d s  
and 
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The t ransformed i n t e r f a c e  equa t ion  (30) has t h e  s l i g h t l y  d i f f e r e n t  form 
s i n c e  6 ( t )  i n v o l v e s  o n l y  t h e  s i n g l e  v a r i a b l e  t. By v i r t u e  o f  v a r i a b l e  
changes (39), t h e  s u b s t a n t i a l  ( m a t e r i a l )  t ime  d e r i v a t i v e  O (  ) / D t  appear ing i n  
t h e  above t ransformed equat ions possesses a numerical  va lue i d e n t i c a l  w i t h  
[ a (  ) / a t ] c  o r  [ a (  ) / a t ]  . It should be noted t h a t  f i x i n g  t h e  moving j u n c t i o n  
u n f o r t u n a t e l y  leads t o  govern ing equat ions o f  even more compl icated form, and 
t h e  above s e t  o f  equat ions s u r e l y  w i l l  n o t  have a c losed  form s o l u t i o n .  A 
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numerical  scheme w i l l  now be presented. 
F i r s t ,  t h e  method o f  l i n e s  i n  space [40] i s  u t i l i z e d  t o  e l i m i n a t e  t h e  
s p a t i a l  d e r i v a t i v e s  f rom t h e  above i n t e g r o - d i f f e r e n t i a l  equat ions i n  
accordance w i t h  t h e  d i s c r e t i z a t i o n  scheme shown i n  F ig .  2. Accord ing ly ,  we 
employ t h e  c e n t r a l  f i n i t e  d i f f e r e n c e  approximat ions f o r  t h e  i n t e r i o r  p o i n t s  
and one-sided t h r e e  p o i n t  formulas f o r  t h e  end p o i n t s  A,B and t h e  j u n c t i o n  
p o i n t  Q (see F i g .  2) .  Accord ing ly ,  eqns. (40-43) y i e l d  t h e  f o l l o w i n a :  
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0 0  i= N1 +N2 + 1 
DMi - =  
D t  (45e) 
(46b)  N1 i=2,3 , .  . . , 
Dhi - -  - 0  0 D t  i=N1+] 
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1 - -1 n 
D e i  
- =  dz ' }  , i = 1  
D t  - 1
[ A (  z ' )  I n  0 
D e i  
- = o ,  i = N 1 + l  D t  
I n  t h e  above 
1 
N1 
5 i  = ( i - l ) A S  = - ( i -1)  , i=1,2 .. . . , 
N1 
1 
i = N l + l ,  N1+2 . . . , N1+N2+1 q i  = ( i - N l - l ) A q  = - ( i - N l - 1 )  , 
N2 
and N, , W 2  designates,  r e s p e c t i v e l y ,  t h e  number o f  s p a t i a l  increment i n  
t h i n n i n g  zone and u n i f o r m  zone, and'Jf i  i s  ob ta ined  by s e t t i n g  h=hi i s  eqn. 
(33b).  
Note t h a t  eqn. (45e) corresponds t o  boundary c o n d i t i o n  (22b) .  Moreover, 
Dh/Dt and De/Dt as g i ven  by eqns. (46c) and (47c)  vanish a t  t h e  j u n c t i o n  
p o i n t ,  s i n c e  a t  any i n s t a n t  we always have h=l  and e=eoat t h i s  p o i n t .  The 
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i n t e g r a l s  appear ing i n  t h e  above s e t  o f  equat ions were evaluated by use o f  t h e  
Newton-Cotes formulas. We thereby obta ined a l a r g e  system o f  3N1+N2+4 
o r d i n a r y  d i f f e r e n t i a l  equat ions.  A computer program was developed f i r s t  t o  
s o l v e  eqn. (23) f o r  eo and then  t o  so l ve  eqns. (37) f o r  t h e  Mils u s i n g  t h e  
i n i t i a l  bending moment f u n c t i o n  (see Sec. 4.2) as t h e  i n i t i a l  c o n d i t i o n .  We 
then  used these r e s u l t s  a long  w i t h  hi=l, e.=e 
t o  s o l v e  t h e  system o f  O D E ' S ,  eqns. (44-47). 
6=0 as t h e  i n i t i a l  c o n d i t i o n s  
1 0' 
It i s  a l s o  u s e f u l  t o  compute t h e  d e f l e c t i o n  o f  t h e  beam. Th is  can be 
accomplished by s u b s t i t u t i n g  t h e  above bending moments Mi i n t o  t h e  
nondimensinal  form o f  t h e  equa t ion  o f  e q u i l i b r i u m  
2 
7 
= -P + KW a M  
a x  
However, t h i s  approach leads t o  cons ide rab le  numerical  e r r o r  due t o  t h e  
presence o f  t h e  d e r i v a t i v e  te rm i n  t h e  above equat ion.  An a l t e r n a t e  and more 
accu ra te  approach i s  t o  develop d i f f e r e n t i a l  equat ions i n  t h e  d e f l e c t i o n .  The 
same s o l u t i o n  technique used f o r  t h e  bending moment i s  a l s o  a p p l i c a b l e  t o  
these d i f f e r e n t i a l  equat ions i n  t h e  d e f l e c t i o n .  For  t h e  sake of b r e v i t y ,  t h e  
r e s u l t i n g  equat ions w i l l  n o t  be presented here (see [ l S ] ) .  An even l a r g e r  
system o f  4N1+2N2+S ODE'S i s  obta ined i n  t h i s  case. A h i g h  accuracy y e t  
c o s t l y  numerical  a l g o r i t h m ,  i .e.  Gear's s t i f f  ODE a l g o r i t h m ,  was used t o  s o l v e  
t h i s  system. 
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4.2 Solutions and Discussion 
Our attention i s  first dfrected to a special case in which closed form 
solutions exist. Thus, let us delete the elastic Winkler foundation and also 
consider a beam with a uniform temperature distribution equal t o  Tu (a 
dimensional quantity). Under such circumstances, the bending moment M remains 
constant in time, and the neutral axis coincides with the centroidal axis 
owing to the homogeneous nature of the material properties. Moreover, we have 
the following values for the dimensionless quantities [see eqns. (32) and (33)l 
e = Z h  1 
A(z )  = 1 
1 +2 n 
&%= h 
The dimensionless governing equations for h,e [see eqns. (29) and (Sl)] in the 
thinning zone (0 <x<&(t)) follow for this special case as 
ae ah - = 2 -  
a t  a t  
and that for a(t) becomes 
d t  
aM 
n t  - 
ax 
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Note t h a t  these equations may be solved consecut ively and t h a t  eqns. (48 
a,b) inc lude ne i the r  the  x va r iab le  nor  the  i n p u t  load func t i on  P(x, t )  
e x p l i c i t l y .  Phys ica l ly ,  eqn. (48b) ind ica tes  t h a t  although 2e0=ho=1 
i n i t i a l l y ,  both quan t i t i es  w i l l  be equal t o  zero a t  the i n s t a n t  the  beam 
col lapses. A f t e r  e l im ina t i ng  the  i n t e g r a l  v i a  d i f f e r e n t i a t i o n ,  eqn. (48a) may 
be r e w r i t t e n  as 
This d i f f e r e n t i a l  equation may be solved a n a l y t i c a l l y  w i t h  the  i n i t i a l  
cond i t ions  
h = 1  a t  t = tI 
and 
ah 1 
a t  t = tI - s i -  
a t  2tI 
where tI=tI(x) designates t h e  t ime requi red l a r  a ma te r ia l  p o i n t  w i t h  
coordinates ( x , l )  t o  reach the  c r i t i c a l  s ta te .  The second i n i t i a l  cond i t i on  
i n  the  above was obtained by s e t t i n g  t=t I  and h=l i n  eqn. (48a). The s o l u t i o n  
t o  eqn. (49) i s  then obtained as 
which i s  i d e n t i c a l  t o  the  r e s u l t  der ived i n  [e] .  
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The s o l u t i o n  t o  eqn. (48b) f o r  e then fo l lows d i r e c t l y  from the  s o l u t i o n  
o f  eqn. (50) f o r  h. Here tI(x) may be expressed i n  terms o f  the  bending 
moment M(x). Since the  p o i n t  ( 0 , l )  reaches the  c r i t i c a l  s t a t e  a t  t i m e  t = l  
wh i l e  the  p o i n t  ( x , l )  ruptures a t  t ime t=t,(x), i t  fo l lows from eqn. ( 2 5 )  t h a t  
Here, Mo and M represent the  bending moments a t  po in ts  w i t h  x-coordinates 
equal t o  0 and x, respec t ive ly .  Equation (50) thus becomes 
Although d i f f e r e n t i a l  equat ion (48a) i n  h does no t  e x p l i c i t l y  invo lve  the  
va r iab le  x and the  bending moment M, i t s  s o l u t i o n  (52)  i s  seen t o  be d i r e c t l y  
r e l a t e d  t o  M. 
The func t i on  t,(x) i n  eqn. (51)  may be inver ted  i n  the  simple case t h a t  
the  bending moment M(x) i s  monotonic i n  nature. I n  fac t ,  f o r  such a simple 
case t h e  cons t ra in t  on the  moving j u n t i o n  
i s  i n v e r t i b l e  and i s  p h y s i c a l l y  equiva lent  a f t e r  i nve rs t i on  t o  
Consequently, w i t h t  he use of eqn. ( 5 1 ) ,  eqn. (48c) a t t a i n s  the a l t e r n a t e  form 
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Consider f o r  t he  moment a very simple case i n  which a po int - load i s  app l ied  on 
t h e  beam a t  x=O. The bending moment f o r  t h i s  load i s  s imply g iven as 
and d i f f e r e n t i a l  equat ion (53) becomes 
With the  i n i t i a l  cond i t i on  d a t  t = l  equal t o  0, t h e  above equat ion y i e l d s  t h e  
s o l u t i o n  
Note t h a t  s o l u t i o n  ( 5 5 )  i s  a l so  obta inable from the  s o l u t i o n  (52)  by s e t t i n g  
h=l  and us ing  expression (54) .  The so lu t ions  o f  t h i s  spec ia l  closed-form case 
are  now complete. 
We thus t u r n  our  a t t e n t i o n  t o  the  o r i g i n a l  problem, conta in ing  i n  general  
both the  Wink ler  term and a temperature gradient .  A s i n g u l a r i t y  appears i n  
eqn. (39a) a t  t ime t=l when d=O, and t h i s  leads t o  numerical d i f f i c u l t i e s .  
This obs tac le  may be circumvented by i n t roduc ing  an llimperfectionll [33] i n  
eqn. (39a). Here, we f o l l o w  the  l a t t e r  approach and in t roduce an imper fec t ion  
i n  d as 
a ( t )  = 1;0x10-' a t  t=l  
Moreover, t h e  temperature i n  t h e  beam 4s assumed t o  be l i n e a r l y  d i s t r i b u t e d  i n  
the  z -d i rec t i on  i n  accordance w i t h  (see F ig.  l c )  
T = Tu + (Tb - Tu) 2 , O i ~ l l  
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where the dimensional surface and bottom temperatures are chosen respectively 
as 
Tu = 3OO0k , Tb = 360°k 
Also, we use for the creep activation energy the dimensional value 
AH = 0 .112x106 J'mole-' 
Note that because of the nondimensional form of our governing equations it was 
not necessary to stipulate a specific material. Finally the number of 
increments chosen in the present beam problem were 
N, = 5 
N2 = 10 
for the thinning zone 
for the uniform zone 
which yield a total of 29 ODE'S, or 45 if the equations for deflection are 
also included. In order to limit the complexity of this nonlinear problem, 
only  the uniformly applied load is considered here. In this case, the shape 
function [see eqn. (20)] of the applied load is simply 
The initial bending moment function M(x.0') is obtainable from eqns. (21) and 
(22), and is given as 
which will be used as the initial condition for eqns. (37). 
The results we shall present may be separated into two groups, i.e. those 
with the foundation present and those with the foundation absent. In the 
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l a t t e r  case o f  t h e  founda t ion  absent, we have f rom eqn. (35)  6=0 s i n c e  i n  t h i s  
case t h e  s p r i n g  constant  f o r  t h e  founda t ion  i s  i d e n t i c a l l y  zero. We cons ide r  
t h e  B=O case f i r s t ,  and n o t e  t h a t  here t h e  bending moment i s  independent o f  
t ime, and i s  thus g i v e n  s imply  by eqn. (56 )  a f t e r  t h e  l a t e r a l  load i s  
app l i ed .  ( f o r  t h e  B=O case, we d i d  n o t  c a l c u l a t e  t h e  d e f l e c t i o n  o f  t h e  
beam.) f i g u r e s  3 and 4 d i s p l a y  t h e  propagat ing r u p t u r e  f r o n t  f o r  6=0 i n  t h e  
second stage o f  damage f o r  n=3 and 5, r e s p e c t i v e l y .  I n  these f i g u r e s  t h e  
depth and a x i a l  coo rd ina tes  z,x o f  t h e  beam a r e  g i ven  i n  nondimensional form. 
The sequence o f  curves i n s i d e  t h e  beam t r a c e  t h e  propagat ion o f  t h e  r u p t u r e  
f r o n t  as t i m e  e l l apses .  The &(t) f u n c t i o n  a t  t i m e  t i s  g iven by t h e  d i s t a n c e  
a long  t h e  bot tom su r face  (z=1) f rom t h e  p o i n t  x=O t o  t h e  i n t e r s e c t i o n  o f  t h e  
curve f o r  t i m e  t w i t h  t h e  bottom sur face.  Note t h a t  t h e  beam o f  n=3 m a t e r i a l  
e x h i b i t s  a w ide r  t h i n n i n g  zone than does t h e  beam o f  n=5 m a t e r i a l .  It would 
appear t h a t  t h e  r u p t u r e  f r o n t  o f  t h e  n=5 beam propagates f a s t e r  t han  t h a t  o f  
t h e  n=3 beam. But  you a r e  reminded t h a t  t h i s  obse rva t i on  i s  made f o r  a 
nondimensional t i m e  s c a l e  and w i  11 n o t  n e c e s s a r i l y  f o l l o w  f o r  dimensional  
t ime.  Each s e t  o f  these curves f o r  a parameter n r e q u i r e d  about 1 minute o f  
computer t i m e  (CPU).  
We now t u r n  t o  t h e  genera l  case w i t h  t h e  Wink le r  foundat ion present .  l h e  
dimensionless parameter B [see eqn. ( 3 5 ) ]  con ta ins  a group o f  constants  
i n c l u d i n g  t h e  s p r i n g  cons tan t  o f  t h e  foundat ion,  a p p l i e d  load, geometry and 
m a t e r i a l  p r o p e r t i e s  o f  t h e  beam, and i s  considered a r b i t r a r y  i n  t h e  p resen t  
nondimensional s tudy.  Here we chose f o r  i l l u s t r a t i o n  t h e  va lue B= l  which 
r e q u i r e s  t h a t  t h e  numerator and denominator i n  eqn. (35)  be o f  t h e  same 
order .  I n  a d d i t i o n  t o  t h e  bending moment M, we a l s o  computer t h e  d e f l e c t i o n  w 
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f o r  t h i s  case. Due t o  t h e  compl icated na tu re  o f  t h e  govern ing l a r g e  system o f  
ODE's, a cons ide rab le  amount o f  computer t i m e  was r e q u i r e d  t o  complete one r u n  
f o r  a s p e c i f i c  va lue  o f  n. Thus we l i m i t e d  t h e  computer t i m e  t o  1000 seconds 
(about 16.7 minutes) p e r  run, and a c c o r d i n g l y  obta ined a reasonable number o f  
s o l u t i o n  curves f o r  t i m e  steps i n  t h e  e a r l y  p a r t  o f  t h e  second stage of 
damage. The computat ions cou ld  have e a s i l y  been extended up t o  t h e  p o i n t  o f  
f i n a l  c o l l a p s e  o f  t h e  beam, b u t  f o r  reasons o f  economy t h i s  was n o t  done. 
F igu res  5a,b g i v e  r e s p e c t i v e l y  t h e  nondimensional d e f l e c t i o n  o f  t h e  beam 
f o r  va lues 3 and 5 f o r  t h e  s t r e s s  power n. Since t h e  chosen load i s  u n i f o r m l y  
d i s t r i b u t e d ,  these curves do n o t  e x h i b i t  t h e  c h a r a c t e r i s t i c  " u p l i f t "  which 
o f t e n  occurs under c e n t r a l l y  concentrated loads o r  p o i n t  loads on a beam w i t h  
a Wink le r  f ounda t ion  [34, 351. According t o  t h e  f l e x u r a l  model presented i n  
1351, t h e  d e f l e c t i o n s  o f  a beam which exper iences no damage approaches an 
asymptot ic  l i m i t  as t h e  t i m e  tends t o  i n f i n i t y .  Howc der, no asymptot ic  
d e f l e c t i o n  s o l u t i o n  e x i s t s  i n  t h e  present  problem, s ince  damage causes t h e  
beam t o  t h i n  and a c c o r d i n g l y  t h e  d e f l e c t i o n  i s  unbounded. This  may r e a d i l y  be 
seen i n  F i g .  5b, i n  which t h e  increment o f  beam d e f l e c t i o n  i s  c l e a r l y  
i n c r e a s i n g  i n  t h e  f i n a l  few t i m e  steps shown. Al though we have used N o r t o n ' s  
steady creep law, eqn. (16),  t o  desc r ibe  t h e  creep behav io r  o f  t h e  m a t e r i a l ,  
t h e  n a t u r e  o f  t h e  d e f l e c t i o n  shown i n  F i g .  5b i s  s i m i l a r  i n  form t o  t h e  
t y p i c a l  creep curve w i t h  i t s  t h r e e  stages of creep. Such behavior  c o i n c i d e s  
w i t h  t h e  r e c e n t  exper imenta l  i n v e s t i g a t i o n s  [41, 421 i n  which a beam w i t h  a 
deep no tch  was subjected t o  a u n i f o r m  temperature and p o i n t  load.  This  can be 
explatned by t h e  f a c t  t h a t  as t h e  beam s t a r t s  t h i n n i n g  t h e  remaining m a t e r i a l  
c a r r i e s  t h e  same load b u t  w i t h  g r e a t e r  s t r e s s .  
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I n  1351 where no damage was inc luded,  McMullen e t  a1 noted t h a t  t h e  
bending moment re laxes  a f t e r  t h e  l oad  i s  a p p l i e d  and approaches zero as t i m e  
tends t o  i n f i n i t y .  F igures 6a,b e x h i b i t  t h i s  same r e l a x a t i o n  o f  t h e  bending 
moment i n  t h e  more genera l  case where damage causes t h e  beam t o  t h i n .  
Furthermore, F i g .  6b shows t h a t  t h e  r e l a x a t i o n  o f  t h e  bending moment 
acce le ra tes  i n  t h e  f i n a l  few t i m e  steps shown; i t  i s  be l i eved  t h a t  F i g .  6a 
would a l s o  do t h e  same i f  t h e  computer t i m e  had been extended. Since t h e  
l i f e t i m e  o f  t h e  beam i s  f i n i t e ,  t h e  beam should c o l l a p s e  b e f o r e  t h e  bending 
moment vanishes. F igures 7a,b d i s p l a y  t h e  propagat ing r u p t u r e  f r o n t  f o r  B=l 
w i t h  n=3 and 5, r e s p e c t i v e l y .  As i n  t h e  B=O case, t h e  r u p t u r e  f r o n t s  i n  t h e  
p resen t  case have sharper  p r o f i l e s  i n  t h e  n=5 beam than  i n  t h e  n=3 beam. And 
t h e  r u p t u r e  f r o n t  f o r  t h e  n=5 beam propagates f a s t e r  t han  t h a t  f o r  t h e  n=3 
beam r e l a t i v e  t o  t h e  nondimensional t i m e  scale.  We a l s o  p o i n t  o u t  t h a t  t h e  
numerical  scheme f o r  t h e  system o f  ODE'S presented i n  t h e  prev ious s e c t i o n  i s  
s t i f f e r  f o r  n=5 than t h a t  f o r  n=3, s ince  w i t h i n  t h e  chosen l i m i t  o f  compute 
t i m e  (100 seconds) t h e  f i n a l  t i m e  s tep  reached was t=1.90 f o r  t h e  case o f  n=3 
and o n l y  t=1.60 f o r  t h e  case o f  n=5. 
It should be noted t h a t  t h e  r e s u l t s  d i sp layed  may c o n t a i n  some numerical  
e r r o r  i n  t h e  l a t e r  t i m e  i n t e r v a l s ,  s ince  we a r e  r e s t r i c t e d  by t h e  l i m i t a t i o n s  
o f  i n f i n i t e s i m a l  s t r a i n  and smal l  r o t a t i o n s .  Al though we have fo rmu la ted  t h e  
problem i n  an i d e a l i z e d  manner, a s i g n i f i c a n t  amount o f  mathematical  
d i f f i c u l t y  was s t i l l  encountered. I f  one attemps t o  r e l a x  some o f  t h e  
assumptions imposed, t h e  comp lex i t y  o f  t h e  problem cou ld  increase g r e a t l y  and 
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Fig. l a  Beam on high temperature foundation, subjected to lateral 
load P(x,t). 
Symmetric 
LI load P(x,t) 
Spring const. = K 1 
Fig. lb Beam with simple end supports, elastic Winkler foundation, 
and symmetric load. 
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Fig. 3 Propagation of rupture front in a beam with no Winkler 
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Fig. 4 Nondimensional deflection of a beam resting on Winkler 
foundation - (a) B=1, n=3, Tb=36O0k and Tu =300°k, (b) B=1, 
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Fig 4. (continued) 
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Fig. 5 Nondimensional bending moment along a beam on Winkler 
foundation - (a) B=1.0, n=3, Tb =360°k and Tu =300°k, (b) 














Fig. 5 (continued) 
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Fig. 6 Propagation of rupture front in a beam on Winkler foundation - 
(a) B=l, n=3, Tb=3600k and T,=30O0k, (b) B=1, n=5, T,=360°k 
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Fig. 6 (continued) 
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